The behaviour of wire ropes used in mine hoisting is not well understood. In an effort to improve this understanding, the structure of round-strand wire ropes was analysed. This report provides a generalised mathematical model that completely describes the geometry of the wires. It consists of two sets of vector equations and is valid for any round-strand wire rope. One set of equations is used to trace the paths of wires that have the form of a single helix. The other is used for the paths of double helical wires. The specific model for a 33-mm 6x19 Seale, IWRC, right regular lay wire rope was presented as an example. The paths and the geometric properties of the wires which include the path length per lay of strand, the curvature, and the torsion were determined from this model. In future work, the model could be used to conduct stress analysis for the wires in the deformed rope at a given rope strain and also to study the effect of wear and breaking of wires on Strength loss for the various roundstrand wire ropes used in mine hoisting.
Introduction
Wire ropes are used essentially for transmitting tensile forces.
The main characteristics which make them so well suited to this function are flexibility and strength. A list of the uses of wire rope is almost endless. In mine hoisting systems, wire rope is used to transport personnel, product and supplies between surface and underground.
The Federal retirement criteria for wire ropes used in mine hoisting specify the allowable reductions of rope diameter and outside wire diameter and the location and number of broken wires and are listed in the Code of Federal Regulations (CFR 1997). However, their effects on strength loss for ropes of different constructions have not been property considered. This will lead to removing wire ropes from service at different stages where the actual loss of strength is either less or more than what is anticipated. To remedy this deficiency, the knowledge of how the total load is distributed among the wires in different rope constructions needs to be acquired. In general, the load distribution is dependent not only on the crosssectional area of wires, but also on the specific arrangement of wires in a rope.
2.
Description o f rope structure
Structural elements
A wire rope is a structure composed of many individual wires. There are two major structural elements in a typical wire rope. One is the strand which is formed by helically winding wires around a central wire or a strand core. Different shapes of strand may be formed depending on the shape of the core. Only a wire rope made of round strands was analysed in this report. The other major structural element is the core around which the strands are helically wound. The core is made of natural fibres, polypropylene, or steel that will provide proper support for the strands under bending and loading in normal use. The most commonly used cores are fibre core (FC), independent wire rope core (IWRC), and wire strand core (WSC).
Although the strand can be laid in any one of many specific geometric arrangements and composed of any number of wires, the rope also can have any number of strands. The Wire Rope Users Manual (Wire Rope Technical Board, 1993) contains more information on wire rope identification and construction. Most of the rope produced today is pre-formed, meaning that the wires are permanently shaped into the helical form they will assume in the rope. This manufacturing process eliminates the tendency of the wires to unlay, usually hazardously, when they are unrestrained or when the rope is cut.
Classification of wires
It is assumed in this study that all wires have a circular cross section and remain circular when they are stretched or bent. The centroidal axis which moves through the centre of a wire is selected to represent the path of the wire and used to study its geometric characteristics that are related to wire stress. The centroidal axis of the central wire of a strand also represents the path of the strand.
Based on the structural elements in a wire rope as described above, there is at most one straight wire in a straight rope. It is located in the centre of a WSC or an IWRC rope. All the remaining wires can be classified geometrically into two groups. They are either single helices or double helices. The outer wires in a straight strand used as the WSC have a single helical form because they are helically wound only once around a straight axis. When a strand is helically wound into a rope, the central wire also has a single helical form. All the other wires have a double helical form because they are wound twice, once around the strand axis and another around the rope axis. However, they remain single helices relative to the central wire of the strand in which they are wound. This relationship is important in the modelling of a double helical wire.
Structural parameters
The following basic parameters specifying the helical structure are defined and the symbols representing them in the mathematical modelling are shown in parentheses.
Strand helix axis (Z):
The axis of the rope around which the strands are helically wound to form a rope, or around which the wires are helically wound to form the centre strand of a rope. The positive direction of the axis is defined to be the direction that the helix advances.
Wire helix axis (W):
The centroidal axis of the helical wire around which other wires are helically wound to form a strand. It is also the centroidal axis of a helical strand. The positive direction of the axis is defined to be the direction that the helix advances.
Radius o f strand helix (rs):
The perpendicular distance between the centroidal axis of the strand and the strand helix axis.
Radius o f wire helix (rw):
The perpendicular distance between the centroidal axis of the wire and the wire helix axis.
Circular helix:
The strand helix having a constant helical radius is a circular helix. Similarly, the wire helix having a constant helical radius is also a circular helix.
Angle o f strand helix (as): The angle of a strand helix at any point along the centroidal axis of the strand is the angle between the tangent vector at that point, heading in the direction that the strand helix advances, and the plane which is perpendicular to the strand helix axis and passes through that point.
Angle of wire helix (aw): The angle of a wire helix at any point along the centroidal axis of the wire is the angle between the tangent vector at that point, heading in the direction that the wire helix advances, and the plane which is perpendicular to the wire helix axis and passes through that point.
Angle o f strand rotation (6S):
The angle at which the centroidal axis of a helical strand sweeps out in a plane perpendicular to the strand helix axis. The angle is defined to be positive in a right-handed co-ordinate system if a right lay rope is formed and negative if a left lay rope is formed. The angle is expressed in radians unless specified otherwise.
Angle o f wire rotation (0w): The angle at which the centroidal axis of a helical wire sweeps out in a plane perpendicular to the wire helix axis. The angle is defined to be positive in a right-handed co-ordinate system if a right-hand strand is formed and negative if a left-hand strand is formed. The angle is expressed in radians unless specified otherwise.
Lay length o f strand (Ls): The distance measured parallel to the axis of the rope around which the centroidal axis of a strand or wire makes one complete helical convolution.
Lay length (pitch) o f wire (Lw): The distance measured parallel to the wire helix axis around which the centroidal axis of a wire makes one complete helical convolution.
Length o f rope (Sr or z): The length measured along the strand helix axis. It represents the distance that a strand helix has advanced on the axis of the rope.
Length o f strand (Ss or w): The length measured along the wire helix axis. It represents the distance that a wire helix has advanced on the centroidal axis of the Strand.
Length o f wire (Sw): The path length measured along the centroidal axis of the wire.
Mathematical modelling

Basic relationships
In circular helices, the centroidal axes of both the wire and the strand may be considered to be lying on right circular cylinders. Because the surface of a cylinder can be developed into a plane, some basic relationships between each of the centroidal axes and the other parameters can be established by using the developed views shown in Figure 1 . Since the length of strand obtained from the wire helix must be equal to that obtained from the strand helix for a given length of rope, a new term n is defined to be the ratio of the angle of wire rotation to the angle of strand rotation which can be obtained from Equations 2 and 3.
This ratio is dependent on the angles of both helices when both helical radii are fixed. It is considered to be important in characterising the rope structure, specifically the relationship between the wire and strand helices, and is termed as the "relative rotation" in this report. The relative rotation will be positive for Lang's lay ropes and negative for regular lay ropes.
Co-ordinate systems
Because several geometric characteristics of helices related to load distribution and wire stresses can be easily evaluated through vector analysis, vector equations describing these helices are used to model the different wires in a rope. To distinguish vectors from scalars, boldface type is used for vectors in the equations. Two three-dimensional, right-handed rectangular Cartesian co-ordinate systems are selected to analyse the strand and wire helices. 
Vector equations for single and double helices
The model describing the centroidal axis of the central wire of a strand in the rope using the rope co-ordinate system is a single helix model. The model describing the centroidal axis of a wire in a strand using the strand co-ordinate system is also a single helix model. Once these single helix models are formed, they will be used to develop a double helix model describing the centroidal axis of a double helical wire in either a regular lay or a Lang's lay rope in the rope co-ordinate system.
Single Helix model
When the rope co-ordinate system is placed at the centre of the wire rope and a certain strand is specified to have an initial strand rotation angle of 0 at z=0, as shown in Figure 2A , the vector equation of the helix for the centroidal axis of this strand is: R = x8 i + y8 j + z8 k
The subscript s indicates variables that are associated with a single helix. The parametric equations of R for a circular strand helix are:
x* = r8 cos ($s)
y *= r» sin (ot ) 
w=rw0wtan(aw)
The wire rotation angle, 0w in Equations 11,12, and 13 is positive if it forms a righthand strand and is negative if it forms a left-hand strand. Since the co-ordinate system is moving along the centroidal axis of the strand, w simply represents the path length along the centroidal axis that the system has travelled for a wire rotation angle of 0W .
The double helix model can be developed by properly combining the vector R in the rope co-ordinate system and a vector q on the U-V plane of the strand co-ordinate system as shown in Figure 3 . The w component is not needed in specifying the location of the centroidal axis of a double helical wire because q is always on the U-V plane. The parametric equations for u and v are identical to Equations 11 and 12.
Double helix m odel
Since the head of R is located exactly at the tail of q, the vector P can be readily obtained through vector addition once the vector q in the strand co-ordinate system is projected to the rope co-ordinate system. Using the fact that the U-axis is parallel to the X-Y plane and the line which specifies the angle of strand rotation (0S) and that the U-V plane is perpendicular to the W-axis which has an angle of strand helix (as), the individual projections of u and v on the X, Y, and Z axes are: 
Zw = r, tan(«8) 0W /n -r* cos(«8) sin(éiw)
The sign for 0w is positive when it rotates anti-clockwise and negative when it rotates clockwise. The lay type determines the sign for n as defined by Equation 5. The component zw is always positive and increases in the direction that the helix advances.
Example fo r a specific wire rope
The circular helix models presented above are applicable to any type of rope construction as long as its strands are round, that is, the wires are laid in a circular pattern. As an example, the structural parameters of a 33-mm 6x19 Seale, IWRC, right regular lay wire rope are used to show how the model for a specific rope is obtained.
The basic strand arrangement of a 6x19 Seale wire rope is shown in Figure 4 . The structural parameters of different strands are presented in Table 1 Table 2 . Some of the parameters such as the lay length of strand, the lay length of wire, and the relative rotation were calculated based on the basic relationships given by Equations 1, 3, and 5. 
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4.
Model applications
The model for a specific wire rope can be easily obtained, as shown in the example, and has many practical applications. It can be used to generate the wire paths and to evaluate the geometric properties of the wires. The effect of deformation can be determined by substituting the structural parameters of the deformed rope into the original model. The model also has other applications such as predicting damage patterns through external and internal wear, examining and improving the design of a rope construction prior to manufacturing, and producing three-dimensional pictures of the wires for analysis with a computer.
Generation o f w ire paths
As described earlier, the wires in wire ropes have three forms: straight, single helix or double helix. The only straight wire in a rope is the centre wire in an independent wire rope core. The wires around the centre wire forming the centre strand and the centre wires in the outer strands of the core and in the surface strands have the shape of a single helix. The wires forming the strand around the centre wire have double-helical paths which are very complex in their configurations. Using the model developed in this report, the wire paths can be easily generated by a computer. They not only will reveal the shapes of the wire paths but also are useful in locating the places where a wire will be rubbed by the other wires and in determining the interval at which an outer wire will be exposed on the rope surface. 
Typical paths of single helical wires generated by Equations
Evaluation o f geometric properties
In order to know how the tensile load is distributed among the wires in a rope and to calculate wire stresses, several geometric properties of each wire must be evaluated before and after the application of load. These properties are the path length, the curvature and the torsion.
Path length per lay o f strand
The equations for evaluation of the path length of single and double helical wires in each lay of the strand can be derived from Equations 2 through 4 and are shown in Equations 27 and 28.
Path length o f single helical wires In each lay o f strand:
S s = d^ (27) cos(a5)
Path length of double helical wires in each lay of strand:
Sw cos(as)sin(a J (28) 
Curvature
A special moving frame of reference has been used in generation of the basic equations for evaluation of the curvature and torsion of a curve in three-dimensional space (Sokolnikoff & Redheffer, 1958 and Leithold, 1986 ). This frame is formed by a three-dimensional, right-handed set of orthogonal unit vectors as shown in Figure 12 . The origin of the frame is located at the head of any position vector that may be R or P of the models just developed. The three unit vectors t, n, and b are called the unit tangent, the unit principal normal, and the unit bi-normal vectors respectively. The frame is sometimes referred to as the moving tri-hedral associated with the curve. The curvature at a certain point of a curve is a measure of how quickly the curve changes direction at that point. It is the reciprocal of the radius of the curve at that point and expressed in the unit of 1/mm in this report. In a wire, a change of the curvature is produced by bending moments that act on the wire cross section. Curvature not only is related to the shearing stress but also has effect on the distribution of the tensile stress on the cross section. Therefore, the deformation of the rope structure in terms of the curvature change needs to be specified in order to determine its effect on shearing and normal stresses. The curvature vector is defined to be the first derivative of t in the moving tri-hedral, as shown in Figure 12 , with respect to arc length of a curve. It can be expressed as Kn, where k is a scalar multiplier. The curvature vector is in the same direction of the principal normal vector. The magnitude of this vector is called the curvature of the curve and is simply equal to k because the magnitude of n is unity. The curvature of a straight line is always zero because the tangent vector is constant. The curvature of the centroidal axis of either a single or a double helical wire, therefore, may be specifically defined to be the magnitude of the rate of change of the unit tangent vector with respect to arc length of the wire. 
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After substituting the functions into Equation 29a, it can be reduced to its simplest form as shown in Equation 29b
. This expression indicates that the curvature of a single helical wire is independent of the angle of strand rotation and is constant for a given helix angle.
ks = COS-> (29b) r8
Expanded curvature equation for double helical wires:
The curvatures were computed for both single and double helical wires in a 6x19 Seale wire rope. The results for single helical wires are shown in Table 4 . The results for double helical wires are shown in Table 5 with the absolute value of 0W increasing from 0 to 360 degrees at increments of 15 degrees. 
Expanded torsion equation for double helical wires:
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The torsions of both single and double helical wires in a 6x19 Seale wire rope were computed. The results for single helical wires are shown in Table 4 . The results for double helical wires are shown in Table 5 When a tensile load is applied to a wire rope, each individual wire will deform. Because of the differences in the wire lengths and the helix angles of single and double helical wires, the load will not be distributed among the wires simply based on the cross-sectional areas. The effect of these wire deformations on the geometry of the rope structure needs to be determined. The major change is axial elongation along the centroidal axis of a wire. Accompanying the axial elongation is a lateral contraction of the cross section. In addition, bending and twisting moments are generated in the wire that cause the changes in the curvature and torsion of the wire. The combination of all of these individual wire deformations result in the deformation of the rope structure.
There will be a resultant twisting moment which will cause the rope to rotate if the ends are not restrained. Therefore, the deformation of the rope structure will depend on whether the rope is allowed to rotate or not. In mine hoisting, the cage or skip and rope are prevented from rotating by the shaft guides. Some rope manufacturers also produce rotation-resistant rope (Wire Rope Technical Board, 1993), which is made with layers of strands laid in opposite directions to produce counteracting torques. In the use of rope with both ends restrained, the total number of strand lays and the total number of wire lays in a rope are kept constant. Thus, the relative rotation, n, included in the models for double helical wires, remains constant as the rope structure deforms under load. A system of equations can be established for determining the structural parameters of the deformed rope at a given rope strain, thus obtaining the model for the deformed rope. The geometric properties of each deformed wire can be evaluated the same way as shown in this report for the undeformed rope.
Conclusions
The model developed in this report fully describes the geometry of the structure of wire ropes of any round-strand construction, it is expressed by vector equations in a three-dimensional, right-handed rectangular Cartesian co-ordinate system and is general enough that any combination of wire and strand lay directions can be handled, being careful only to observe the stated sign conventions for the angles of strand and wire rotation and the relative rotation in the component functions.
The wire paths are defined for the first time by using a developed model, which not only reveal the shapes of the various wires but also are useful for predicting damage patterns through external and internal wear. The geometric properties of each wire can be easily evaluated by using this model. An analysis for a 33-mm 6x19 Seale IWRC, right regular lay wire rope was made to illustrate the usefulness of the model.
6.
